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The inverse operator technique used for the treatment of magnetic field influence on transport
processes in polyatomic gases is extended to the case where the spherical approximation for the
relaxation coefficient of [W]? [J]¢ polarizations cannot be used. The general procedure is outlined
and subsequently illustrated for the magnetic field influence on the heat conductivity.

1. Introduction

The inverse operator technique previously used
by Kagan and Maksimov !, Tip, Levi and McCourt 2,
Coope and Snider® and Eggermont, Vestner and
Knaap* is an effective and transparent method to
treat transport properties in polyatomic gases under
the influence of an external magnetic field . In the
papers mentioned it is assumed that a specified
kind of rotational angular momentum polarization
([W]r[J]?) is responsible for the Senftleben-
Beenakker effect [W= (m/2kgT)'2 (e— (€)) is
the dimensionless peculiar velocity, J is the dimen-
sionless operator for the rotational angular momen-
tum, p and q are the ranks of the corresponding ir-
reducible tensors [W]” and [J/]? and the bracket
{(...) means a nonequilibrium average]. From ex-
periments ? it is known that for almost all molecules
the combination p=0, ¢=2 determines the field
effect on the viscosity and p=1, ¢=2-the field ef-
fect on the heat conductivity. But for the field effect
on viscosity of NH; there is also a strong p=2,
q =1 contribution.

The Liouville operator L= (1/ny) o[ ,h-J]_
(ng is the number density, » is the Larmor fre-
quency and R is a unit vector in the direction of the
magnetic field) which governs the free precessional
motion of the molecular rotational angular mo-
menta of linear diamagnetic non-polar molecules
is diagonal with respect to a basis of expansion
tensors written in spherical notation 3%, [}, [J]¢
(which may still be multiplied with polynomials in
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no ([WIRLISL W5 1119 )0

= "6pp' 6qq' 6mm' 5“’30) [(2P+1)(29+1)]~1

(W] [W]1?)e([J1% [J17), - (1)

In Eq. (1), the bracket {...), denotes an equilib-
rium average and the dot “©” denotes a contraction
over all tensor indices. To simplify the calculations
of the Senftleben-Beenakker effects, it is assumed in
the papers mentioned above that matrix elements
(IW1BIJ12|R| (W15 [J]1%)y of the linearized
Waldmann-Snider collision operator &7 are also
proportional to d,,, 05 . This is called the “spheri-
cal approximation” since it is valid for a purely
spherical potential 8. Thus the spherical approxima-
tion can be expected to work very well for molecules
with small nonsphericity of their interaction, e.g.
the hydrogen isotopic molecules, but it may be some-
what doubtful for all other molecules.

If the spherical approximation cannot be used,
another basis set of expansion tensors is convenient,
namely the totally irreducible L'" rank tensors

(W17 [J1905 (2)
=SV2L+1 (=12 " (85 (WIS,

ms

T @ ; .
where (5,? _jif) is a 3 j-symbol. Because of rotatio-
nal invariance, the collision operator is diagonal in

L, M indices, i. e.
([P 5 RUPYY 17T )
=0 Oy (2L+1)71 (3)
(W1 1T e RIIW]IY [J17]),.

But now the Liouville operator L is not diagonal
with respect to L and, in general, it induces cou-
plings between L-values which differ by 0, = 1. In

** The z axis points in the direction of h.
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the following chapter it is shown how the inverse
operator technique can be extended to this more
general case. It should be mentioned, that the Senft-
leben-Beenakker effect of the heat conductivity
without spherical approximation had already been
treated by Tip ® in 1967 with a different method.

2. Inverse Operator Technique

In Ref. ! it has been shown that a tensorial trans-
port coefficient in the dilute gas regime can be ex-
pressed as

nn a ([Q (R+l£ - [Q]gl'>§a (4‘)

with [Q]%, being a spherical I'" rank tensor
(—1<Z n,n" <) chosen according to the physical
situation which is considered. For the viscosity ten-
sor, e.g., one has [=2 and [Q]; = V2[W]; while
for the heat conductivity tensor one has [=1 and
[Q1% = (2 kg2 T/m) 2 [W1L (W2 — 5 42— (e)g) (e
is the internal rotational energy divided by kpT).

In the 1/R method * 4, the collision operator R is
written as a sum R = R; + R,; where R,; exclusively
couples tensors containing [/]? with ¢+ 0 with ten-
sors depending only on W and /3, and where R,
accounts for all the other couplings. Defining R, as
R, +iL, one expands now (R+iL)™!
of R, as follows:

(R+iL)~'=R3'— Ri'R,q R3" (5)
+ iél_ilRmi E(_llle ié(;l +...

One verifies easily that in 1,  the term independent
of R,; has no magnetic field dependence and that
the term linear in R,; vanishes. To look at the field
dependence, only the contribution AL which s
quadratic in R, has to be considered:

Ay = [0V, R Rug Ra* R R [QV)E . (6)
Under the assumption that only one kind of angular
momentum polarization P~ [W]7[]]7 is im-
portant, one obtains

[0] _Z z < [Q n Rd g)gl(l,i)\() (d)fl(l,q)R/u] (I)IIJL,IS>

(1/ mm'm'’' m'’
SS

(‘I)m’
. ((I)ﬁ,‘,‘?)' Rd [Q]n’>0 s

where @, f number different polynomials built up
from 2 and J2. Eq. (7) is general and the essence

rl)gf,,b, o2

in powers

2t Do V& (DD R, DEONE (T)

now lies in the evaluation of { D}Z, Rd
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If one uses the spherical approximation, this
evaluation is very easily done* and one obtains
(D%, R Dhlrsr ) (8)

~ 6m'm” 633' (vrel S (%) (I-iso 117(1) )hl s
where v, = (16 kg T/ m)12 is a thermal velocity
and 7,, =[ng v ©(}2)]17 1. Equation (8) can be
considered to be also the definition of the cross sec-
tion S(§2). Furthermore, due to the Wigner-Eckart
Theorem, one can write %

(q){:(La)le (])Z)r?’l;)o: V2 ;Ii+ 1 ( - l)]Hq“” (9)
(- i)[ﬁp_’[ (_lmgl,g) Urel g(;q)[ s
and one finally obtains for the field dependent part

of the transport coefficient:

2q+1 S (7)1

21+1)2 °'™
2 ([Q1oR! D'@) (D' Vo RF'[Q]"),
af

[2] .
‘]nn’ = (slm VUrel ~

(10)

o . 1 4 . "
: \‘C(;Q)I 3(%")/ z (»nﬁlg)z (1+ism qu)

ms

If one does not use the spherical approximation,
one rather works with the coupling scheme
Pl= S V2L+1(-1)r =¥ (heZy) [Pr]fy.
1I (1 1 )
Note that |p—¢| < L, L' < p+ ¢. With

1 ey Nlp T~ .
(DPIOR, [P FgYg= (=) P 10, S(35) 1 010 0um
(12)

which may be considered as the equation defining
the cross section ©(j4); one finds

[21, _ ”r,,el -
‘l"n (SIIII ()l+1) z [Q] GR
- (P'Po R [0]'>0€(;q>13('5”)1{ka‘ 2,

where C(pq)z~ [(2g+1)/(21+1)]1"2&(},); and
where {Rdl}n is the [ — l-element of the matrix in-

verse to ([Pri]k R( [Pra) L )o- Thus the whole

problem is reduced to the calculation of the matrix
([Dra]} R [Dr1] ,I{I)o and its inverse. Using Eqs.
(11), (12) one finds immediately

([Pr1E(Ry+i L) [¢P’1]f:'>o (14)
—vr(l\-f pq)L[(S” _l(’)7L(PQ)F ]9

D), (13)

where the c(%)L are positive quantities defined
analogously to the &(},) . and where

1,(p ) = (ng v, BN L) L (15)
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The matrices F,I{I"(p g) are, with the help of Eq.

(1), obtained as
R (pg) =[2L+D L+ )"
) Z (fnm —n) m’ (m m’ fln

mm’

(16)

Observing the identity
m'=[(2g+1) g(g+ D] (-1 1" (fr5. 5

and by using some Racah algebra, we can express
the FEX in terms of 6 j- and 3 j-symbols:

Fi¥'(pg) = (—=1)rrabot (17)
“[(2L+1) (2L +1) (2g+1) g(g+1)]*?
(=) (EED 88

Equation (17) shows that L' =L, L+ 1 and that the

following symmetries hold:

PRV —FE%, pUF = (- - (18)

Equation (18) in particular implies F§Z = 0. Thus,
for any p,q, the matrix [0*L'—iw 1 (pq) FEE
can easily be evaluated and, in order to get the field
dependence of the transport coefficient AL, only
one element of the inverse matrix has to be calcu-
lated. The scheme outlined in this chapter is general
and can be applied to all polarizations of the
[W]? [J]7 type. In the next section, as an example
the Senftleben-Beenakker effect of the heat conduc-
tivity will be studied.

1)L+L'+1F£L

3. Example: Magnetic Field Influence
on the Heat Conductivity

For the Senftleben-Beenakker effect of the heat
conductivity usually the Kagan polarization

e« ([W]'1U]1%)
is taken as the decisive angular momentum polari-
zation, i.e. p=1, ¢=2, 1< L, L’< 3. From Eq.

(17) one calculates easily the F (1,2) matrices
for n=0, +1:

- 1 013 0
FL (1’2)93“125 VE Vg v% 3 (19)
3 -3
23 ng :
A% 5 _—4
Fi* (L2) 2 |5y 6 315
O S5 T3

The 1 — 1-element of {Rdl}o is then obtained as

(R} = [v: S (1]) 11

where 7, =1, (1, 2).

1+ % w? Ty T

l+ia?n,p+in’nyt,’

(20)
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The relative change of the heat conductivity par-
allel to the magnetic field, Aill)i=A:/4 is then,
according to Eq. (13), given by (d,,=4,,)

Aill D1 Ty

S — R — . (2
Y3 2% l+‘,w‘rrd+ 0)21112 (21)

The quantity

Vo= (v:0/10) (Q'R:' Q)0 Z;(Q'R(i@':a))o (22)

(P7-Ra' Q) (1)1 €(#) /S (13,
(P@ being the normalized translational and rota-
tional heat flux, respectively) determines the magni-
tude of the Senftleben-Beenakker effect. In spherical
approximation, one has 7;=7,=73=7 and the
well-known result 1%- 12

A/[ oy
i

w272
121 4 0?72 (28)

is recovered. Similarly one finds for n= 1+ 1:

{Ra'}1'= {Ra"} ¥ = (0 € (1))
[1-3?r13—iow (Bra+313)]
SRR 27 LE AR AL A A T A A
—io B+, +37)] 7.
Thus the relative change of the heat conductivity per-
pendicular to the magnetic field, 4i1/1 = Re A[4{3/4]
is given by
AL

T =00ty [(1-w? ($1 1+ 7, 13+ 137,75))

(24)

(ftn) - Gu+int)]
L= 0? (1 10 4 7,7y 4 b T))?
+0? By +3r+515)°] 7!
In spherical approximation Eq. (25) reduces to
AL 272 4 w13
)y ey e Y
A 1+o?e 1+4w*7*
in agreement with well-known results 1°. For the sat-
uration value of the ratio 4/L1/4i/l one infers from

Egs. (21), (25):

(G7)..-
A/"H sat

which, in spherical approximation, yields the value
of 3.

Fma]ly, the transverse
Im [#/7] is found as

(25)

1 (41)+513)(213 311)
3 4111,—{—51113—1-1 73

,» (27)

coefficient A'"/i= -
AT i
o == FVpol(1-30?ty1) (91 +57,+4 1)
—(Btdy)(1-?E 1+t 15+11,15))]
T —e?E 1+ 73+31,73))? (28)

+? (Br 43t +5815)%] L.
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Equation (28) reduces in spherical approximation
to

Jtr
e v, L')fﬁ

Y 1+ w212

2m1

e raea s @)

The saturation ratio, given by Eq. (27), may, in

general, differ appreciably from the value § for

molecules with large nonsphericity. Concerning the
field dependence of the parallel, perpendicular and
transverse effects, respectively, the formulae are the
same for the Senftleben-Beenakker effects of diffu-
sion and thermal diffusion in mixtures of polyatomic
gases with noble gases.

Finally, the relation between the more frequently
used cross sections &(5?); of McCourt, Chen,
Moraal and Snider !! and those of the present paper
is stated. The S(}%); are defined such that the
velocity dependent tensors are coupled to each other
and the same is done with the rotational angular
momentum dependent ones. According to Ref. 1,
both types of cross sections are connected by

Sk z(—l)””’*L(ZLnLl)

-(2k+1).0(kpp) 20 (kqq) TN S (L
where 0 < k& < min (2 p, 2 ¢) and where
Qkpp) = (2p+Ek+1)! (2p~k)'k‘k!3;ff(—-l)"'
(2p)! 2
(31)

(30)

2K)! (2p)!
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In contradistinction to the :(M)L which are always
positive, the & (57 ) have no definite sign for &+ 0.
For a purely spherlcal potential only &(%2), is
nonzero.

In our special case p=1, g=2 one has k=0, 1
and from Eqgs. (30), (31) one infers [S = 3(}3)]
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After insertion of Egs. (32a—c¢) into Egs. (21),
(25), (28), one recovers the formulae first derived
by Tip ? and later used by Heemskerk 2.
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